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In conventional superconductors the Cooper pairs have a zero center of mass momentum. In this
paper we present a theory of superconducting states where the Cooper pairs have a nonzero center
of mass momentum, inhomogeneous superconducting states known as a pair-density-waves (PDW)
states. We show that in a system of spin-1/2 fermions in 2 dimensions in an electronic nematic spin
triplet phase where rotational symmetry is broken both in real and in spin space PDW phases arise
naturally in a theory that can be analyzed using controlled approximations. We show that several
superfluid phases that may arise in this phase can be treated within a controlled BCS mean field
theory, with the strength of the spin-triplet nematic order parameter playing the role of the small
parameter of this theory. We find that in a spin-triplet nematic phase, in addition of a triplet p-wave
and spin-singlet d-wave (or s depending on the nematic phase) uniform superconducting states, it
is also possible to have a d-wave (or s) PDW superconductor. The PDW phases found here can be
either unidirectional, bidirectional or tridirectional depending on the spin-triplet nematic phase and
which superconducting channel is dominant. In addition, a triple-helix state is found in a particular
channel. We show that these PDW phases are present in the weak coupling limit, in contrast to the
usual Fulde-Ferrell-Larkin-Ovchinnikov phases which require strong coupling physics in addition to
a large magnetic field (and often both).
I. INTRODUCTION
The problem of the interplay between superconduc-
tivity and other broken symmetry states is one of the
central problems in the physics of strongly correlated
systems. This issue is particularly pressing in the
context of the cuprate high temperature superconduc-
tors and their complex phase diagram. In addition
to Ne´el antiferromagnetic order and high Tc uniform
dx2−y2 superconductivity, a host of other ordered phases,
including incommensurate spin stripes (which exhibit
spin-density-wave (SDW) order), incommensurate charge
stripes (with charge-density-wave (CDW) order), elec-
tronic nematic order, and time-reversal (and/or mirror-
plane) symmetry-breaking have been reported essentially
in all the cuprate high temperature superconductors.1–4
Static spin stripe order is seen in the lanthanum fam-
ily of the cuprate superconductors.5–7 Static charge
stripe order is seen in La2−xBaxCuO4 (LBCO),
8 in
YBa2Cu3O6+x (YBCO),
9,10 in high magnetic fields
(where otherwise is seen as short range order11–13), and
in Bi2Sr2CaCu2O8+δ(BSCCO).
14–16 Nematic charge or-
der is seen in YBCO17–19 and in BSCCO20 over a
wide range of doping and temperatures. Time-reversal
and/or mirror plane (or inversion) symmetry breaking
has also been reported in YBCO, in LBCO and in
BSCCO21–24 although recent NMR measurements do
not detect magnetism in the same samples.25 Stripe
and/or nematic orders of these types are also seen
in the iron superconductors26–28 and in heavy fermion
materials.29,30
A key feature of the orders that are seen in these
strongly correlated materials is that the orders are inter-
twined with each other rather instead of competing with
each other.31,32 By intertwined orders what we mean4
is that the orders appear either together and/or with
similar strengths, e.g. at critical temperatures of sim-
ilar magnitude, over a significant range of parameters
(doping, coupling constants, etc.) Instead, if the orders
were competing with each other, one of the orders will
be stronger and the others will be strongly suppressed.
The exception to this rule are systems which are close to
a multicritical point at which not only the critical tem-
peratures but also all the couplings between the different
orders are finely-tuned to very specific relations (and val-
ues). While this can happen in a particular material at
a particular doping it is unnatural to assume that mul-
ticriticality should generically occur in all materials and
for a wide range of parameters.
A case that is particularly relevant from the perspec-
tive of intertwined orders is LBCO, particularly near the
so-called 1/8 anomaly. In this material the Tc of the
uniform d-wave superconductivity is suppressed (down
to low-temperatures). Yet, a variety of experimental
probes show that over essentially the same temperature
range where at other dopings LBCO is a d-wave super-
conductors, near 1/8 doping a host of other orders are
observed, including charge-stripe order, spin stripe order
and a most peculiar phase in which the CuO planes ap-
pear to be superconducting but yet the material remains
insulating along the c-axis.33,34 The layer-decoupling ef-
fect is also seen in LBCO away from x = 1/8 at finite
fields35 and also in underdoped LSCO materials at finite
magnetic fields36,37 where a field-induced stripe-ordered
state had been observed previously.6
It was suggested by Berg and coworkers that this pe-
culiar layer-decoupling effect can be naturally explained
if the CuO planes are in an inhomogeneous, striped, su-
perconducting state with the symmetry of a pair-density
wave (PDW) state in which charge, spin and supercon-
2ducting orders are intertwined with each other.31,38 The
local superconducting order parameter ∆(r) in a PDW
state is spatially modulated and a spin singlet. For a
state with unidirectional modulation, ∆(r) has the form
∆(r) = ∆Q(r) e
iQ·r +∆−Q(r) e
−iQ·r (1.1)
where ∆±Q(r) are two slowly-varying complex fields and
Q is the ordering wave vector. Hence, the unidirectional
PDW superconducting state is characterized by two com-
plex order parameters, ∆±Q(r).
A state with the PDW pattern of superconducting
order was proposed already in 1964 by Larkin and
Ovchinnikov39 (LO) and by Fulde and Ferrell40 (FF) to
arise in the presence of a Zeeman field. As is the case
of all ordered phases with a finite wave vector, the LO
state, and its time-reversal breaking (spiral) cousin FF,
requires that a nesting condition be satisfied for this state
to occur in the weak coupling BCS regime (for a review
on FFLO states see Ref. [41]). In most cases this nesting
conditions is hardly ever satisfied. Thus, states of this
type can only exist in a strongly coupled regime which is
clearly outside the applicability of a weak coupling theory
such as BCS.
Motivated by the LBCO results, and using the BCS
framework, Loder and coworkers42 found a PDW state in
a tight-binding model with d-wave pairing in the absence
of an external magnetic field. However, these authors
found that the critical value of the coupling constant for
which the PDW is the ground state is quite large and
hence well outside the regime in which BCS theory is
reliable. More recently, a PDW state has been found
in variational Monte Carlo simulations of the t − J and
t− t′ − J model at zero magnetic field,43–46 although in
these simulations appear to favor the uniform SC state
over the PDW state only by a small amount of energy.
However, recent, sophisticated iPEPS (infinite projected
entangled pair-states47) simulations have found strong
evidence for intertwined orders (in which several orders,
including the PDW state, appear to be essentially de-
generate in energy) in the t− J model over a significant
range of coupling constants and doping.48,49 A recent pa-
per by P. A. Lee (which appeared as this work was being
finished) suggests that PDW states may arise in a slave-
particle RVB approach50 by postulating an “Amperian”
interaction among the spinons.51 On the other hand, a
PDW state is known to exist in the spin-gap state of the
Kondo-Heisenberg chain52 and also in a two-leg ladder,53
even in the weak coupling limit.
FFLO states have been proposed to explain some of the
properties of heavy fermion superconductors54 and have
been conjectured to arise in cold atomic systems.55 FFLO
states were studied in two dimensions by Shimahara56–58
where the FFLO states seem to be more robust.
Here we will investigate the relation between PDW
states and nematic order. Although charge nematic or-
der (a spatially-uniform spin-singlet state that breaks ro-
tational invariance) does neither favor nor disfavor su-
perconductivity, except in regimes in which s-wave and
d-wave superconductivity are in close competition59–61
(see, however, Ref.[62]), here we will show that a nematic
state in the spin triplet channel63 can favor unconven-
tional superconducting phases, including a PDW state.
In this work we present the study of the presence of an
inhomogeneous superconducting instability in an system
that is already in an α or β nematic phase. We will use
a mean field analysis in the weak coupling limit to show
that in a region of the phase diagram, an inhomogeneous
superconducting state is the ground state of the system.
Oganesyan and coworkers64 (as well as Refs.[65 and
66]) studied a spinless Nematic Fermi fluid (FL), where
the breaking of rotational symmetry manifest in a spon-
taneous quadrupolar (elliptical) distortion of the Fermi
surface, while the translation invariance is preserved (for
a review see Ref.[4]). In the charge nematic state the
FS has a spontaneous quadrupolar (elliptical) distor-
tion. Nematic phases of Fermi fluids can arise either
via a Pomeranchuk instability of a Fermi liquid4,64 or by
quantum melting of charge stripe phases.67 The result-
ing anisotropic fluids are non-Fermi liquids if the lattice
effects are weak enough.
Wu et al.63 generalized the aforementioned work
of Oganesyan and coworkers to a system of spin-1/2
fermions and found a generalization of the nematic state
to the spin triplet channel which they called an α-phase.
In this phase rotational symmetry is broken both in real
and in the internal spin space, while while remaining in-
variant under a combination of a discrete set of rotations
in both sectors. In addition, they also found another,
spatially isotropic phase, which they called the β-phase
(in analogy to the B phase in liquid 3He). This state
is uniform and spatially isotropic, but the spin quantiza-
tion axis of a fermionic quasiparticle on the Fermi surface
lies in-plane and winds around the FS with an integer-
valued winding number. In both phases the FS for spin
up and down is distorted in different ways (see Figs. 1(a),
1(b), and 1(c)) providing a natural system to studied the
presence of an instability to an inhomogeneous super-
conducting state. In a Fermi liquid setting, the phase
transition to the spin triplet nematic phases occurs as a
Pomeranchuk instability and hence the tuning parameter
is a Landau parameter in the spin triplet channel. In a
strong coupling setting it can occur by quantum melt-
ing of a spin-stripe state. In what follows we will refer
to both the α and the β phases as spin-triplet nematic
phases (although in a strict sense they are not).
In the conventional BCS approach39,40 the FFLO
states arise only in a regime in which there is a suffi-
ciently weak Zeeman coupling to an uniform magnetic
field so that the SC instability can only occur for Cooper
pairs with finite momentum by suppressing the nesting
between electronic states at the Fermi surfaces for both
spin projections. However, this assumption is a severe
limitation and, to this date, Zeeman-field-tuned FFLO
states have not been clearly seen in experiment. In con-
trast here we we will see that in the spin triplet nematic
phases (which although magnetic have a zero uniform
3Zeeman field) the tuning parameter for the SC instabil-
ity is the distance to the nematic spin triplet quantum
critical point. In particular we will find that depending
on whether the nematic is an α or a β phase a host of dif-
ferent SC states, both uniform and inhomogeneous, can
occur.
Unfortunately to this date there is no clear evidence
for a spin triplet nematic state. On the theoretical side a
recent paper by Maharaj and coworkers68 found a spin-
triplet β-phase in a fermionic system on a honeycomb
lattice via a Pomeranchuk instability. Fischer and Kim
found a nematic-spin-nematic state (the α spin-triplet
nematic state) in a mean-field analysis of the three-band
Emery model of the cuprates in a regime in which the
Hubbard Ud on the Cu sites and on the O sites (Up)
are both large (and comparable).69 On the experimen-
tal side, there is evidence of time reversal-symmetry-
breaking in YBa2Cu3O6+x close to the pseudogap tem-
perature in spin-polarized neutron scattering21,24 and,
with some caveats, in Kerr rotation experiments.22,23
However, the Kerr rotation experiments can also be in-
terpreted as evidence of inversion symmetry breaking via
a gyrotropic effect in a system with charge order.70 Hence
the Kerr effect measurements do not on their own prove
the existence of as state with broken time reversal invari-
ance since the cuprate superconductors are now known
to exhibit charge order. On the other hand, the spin-
polarized neutron experiments can be interpreted either
as evidence for loop current order71 or as evidence of a
nematic spin triplet state which on a CuO lattice means
that the oxygens are spin-polarized but their polariza-
tion is opposite along the a and b axis (as shown in Fig.
1(d)). However such a state is incompatible with NMR
measurements which do not find evidence of any sub-
lattice magnetization in YBCO and HBCO which have
instead a substantial spin gap.
Aside from these important caveats and reservations,
we find that it is nevertheless useful to consider the possi-
ble role of spin triplet nematic phases in a weak-coupling
mechanism for pair-density-wave phases. In this work
we will consider a system in a spin triplet nematic state
but close to the Pomeranchuk quantum critical point.
By restricting ourselves to this regime enable us to use
controlled approximations. We will assume that the sys-
tem of interest is inside a spin-triplet nematic state, suf-
ficiently close to the quantum phase transition so that
the magnitude of the order parameter. However we will
also assume that we are deep enough in the spin-triplet
nematic phase so that the quantum critical fluctuations
can be safely ignored. Furthermore we will also ignore
the possible non-Fermi liquid physics which may arise
in the spin-triplet nematic state. Thus, the main as-
sumption that we will use throughout is the existence to
the Pomeranchuk quantum critical point and that the
resulting α and β phases are stable. For this reason
we will not consider the l = 1 case since these phases
are unstable in the absence of sufficiently strong spin-
orbit interactions.63 We will show that, depending on
∆
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FIG. 1. (color online) (a) Distortion of the FS for the fermions
with spin up (black) and down (red) for a triplet α nematic
phase with l = 2 (Wu et al.63). (b),(c) Distortion of the FS
for the fermions with spin plus (black) and minus (red) with
respect to the spin quantization axis (blue) for a β nematic
phase with l = 2 and l = −1 respectively. (d) Putative ne-
matic spin order in a copper oxide plane in YBCO.21
the particular spin triplet nematic phase that is consid-
ered, different uniform superconducting phases arise (s,
p or d wave) and that these phases are in close competi-
tion with inhomogeneous phases with the symmetry of a
pair-density-wave of the LO type. FF states are gener-
ally found to be metastable at least close to the thermal
phase boundary.
The main results of this work are summarized in
three phase diagrams, one for the spin triplet nematic α
phase with pairing in the d-wave superconducting chan-
nel (shown in Fig.4(a)) and two for the spin triplet ne-
matic β phase with pairing in the s and d wave supercon-
ducting channels (shown in Fig.5 and Fig.6 respectively.)
We also determine the structure of the Landau-Ginzburg
free energies close to the thermal transition and calcu-
late the coefficients and stiffnesses. The resulting phase
diagrams turn out to be quite complex. In the case of
the α phase the superconducting states which arise are,
in addition to a spin-triplet p wave state, a uniform spin
singlet d-wave SC, a bidirectional PDW state, and a uni-
directional PDW state. On the other hand, in the case
of the β phase the uniform state may be an s-wave or
a d wave SC. If the pairing channel is s wave, in the β
phase we find unidirectional, bidirectional and tridirec-
tional PDW states and, in addition, a triple-helix FF-
type state. If the pairing channel is d-wave, in addition
to an uniform d-wave SC, we also find both a unidirec-
4tional and two bidirectional PDW phases. We also inves-
tigate the nature of the phase transitions between these
states close to the thermal phase boundary. A rich set of
different behaviors are found, including continuous and
first order phase transitions as well as Lifshitz points and
other multicritical points. It is important to emphasize
that these results, obtained using a weak coupling BCS
theory, are controlled by the distance to the spin triplet
nematic quantum critical point. Thus the spin triplet ne-
matic quantum critical point plays the role of a complex
multicritical point.
This paper is organized as follows. In Section II we
summarize the theory and description of the spin-triplet
nematic phases and follow closely the results and nota-
tion of Ref. [63]. This caveats are discussed in this sec-
tion in some detail. In Section III we discuss the SC
instabilities of the α (Subsection III A) and β (Subsec-
tion III B) phases by calculating explicitly the respective
SC susceptibilities. In Section IV we present a BCS-type
mean-field theory of the different SC states and show that
it is well controlled in the regime where the spin-triplet
nematic order parameter is small enough. In this Sec-
tion we derive the Landau-Ginzburg free energy for each
phase and derive the phase diagrams and in Section V we
present our conclusions. The details of the calculations
are presented in the Appendix.
II. SPIN-TRIPLET NEMATIC PHASES
We start by recalling some of the main results on spin-
triplet nematic phases in two dimensions from Ref. [63]
which are relevant for the present work. The mean-field
(MF) Hamiltonian63 for a spin-triplet nematic phase is:
H =
∑
k
c†k,α{ǫk − [n1 cos(lθ) + n2 sin(lθ)] · σα,β}ck,β
+
|n1|2 + |n2|2
2|fal |
(2.1)
where n1 and n2 are the order parameters for the spin-
triplet nematic phase, σ = (σx, σy, σz) are the three 2×2
Pauli matrices, l ∈ Z, θ is the polar angle between k and
the kx axis and f
a
l are the Landau parameters in the spin
triplet channel of Fermi liquid theory.72
The order parameter fields n1 and n2 transform under
a global SO(3)S rotation R in the spin channel (denoted
here by S) as follows
n1 7→ R · n1, n2 7→ R · n2 (2.2)
In addition, the order parameter fields n1 and n2 trans-
form as follows under a spatial rotation by a global angle
θ about the z axis perpendicular to the 2D plane
n1 7→ cos(lθ)n1 + sin(lθ)n2
n2 7→ − sin(lθ)n1 + cos(lθ)n2 (2.3)
We will refer to this as the SO(2)L “orbital” (or spa-
tial) rotational invariance. This symmetry is exact in
an electron fluid in the continuum and reduces to a dis-
crete subgroup for a lattice model, i.e. the point or space
group of the lattice, and it is contained in the symmetries
of the free-fermion band structure denoted in Eq.(2.1) by
ǫk. For simplicity in this paper we will consider an elec-
tron fluid in the continuum in which case ǫk is invariant
under SO(2)L rotations.
The Ginzburg-Landau (GL) free energy for the system
must be invariant under the global combined symmetry
SO(2)L ⊗ SO(3)S . We will focus first in the dependence
of the GL free energy for phases in which the order pa-
rameter fields n1 and n2 take uniform values, and hence
do not depends on the position x. Under this assump-
tion, to low orders in the order parameter fields, the most
general SO(2)L ⊗ SO(3)S-invariant form of the GL free
energy is given by:
F (n1,n2) =
=r(|n1|2 + |n2|2) + v1(|n1|2 + |n2|2)2 + v2|n1 × n2|2
+ . . . (2.4)
where r, v1 and v2 are three parameters (or coupling con-
stants). As usual r is a linear measure of the distance to
the critical temperature (for the thermal transition) or
to the critical coupling constants (e.g. the Landau pa-
rameters fl) in the case of the quantum phase transition.
For r < 0 the system is in a broken symmetry state,
and the GL free energy in Eq. (2.4) has two type of
solutions depending on the sign of v2. For v2 > 0 it is
most favorable to have a state where n1 ‖ n2. This is
the α-phase.63 On the other hand, for v2 < 0 it is most
favorable to have a state where n1 ⊥ n2 and |n1| = |n2|.
This is the β-phase.63
In the α-phase the Fermi surface (FS) of the electrons
with spin up and down become spontaneously anisotropic
in space. Hence in this phase both SO(2)L and SO(3)S
are spontaneously broken symmetries. In this phase, we
can choose n1 = n¯zˆ and n2 = 0 (notice that we can get
a non zero n2 just doing a rotation around the z axis,
so this is always allowed). However, in the α phase the
system retains the discrete unbroken symmetry of spatial
rotations by π/l combined with a global spin flip. On the
other hand, the β-phase corresponds to a phase where
the spin polarization axis winds around the FS. Here we
choose |n1| = |n2| = n¯ and n1 = n¯xˆ and n2 = n¯yˆ (which
can always be achieved by a rotation in spin space).
In the following sections we will discuss the SC insta-
bilities (and phases) which arise in these α and β phases.
To this end, in addition to the Hamiltonian in Eq. (2.1),
we will add a pairing interaction in the spin-singlet chan-
nel of the form73
Hp =
∑
k,k′,q
V (k,k′)c†
k+q/2,↑c
†
−k+q/2,↓c−k′+q/2,↓ck′+q/2,↑
(2.5)
where
V (k,k′) = −gλγλ(kˆ)γλ(kˆ′) (2.6)
5where gλ is the coupling constant in the channel labeled
by λ, and γλ(kˆ) is the normalized form factor of the λ
channel (e.g. λ can correspond to s, d, . . . wave pairing)
and obey the normalization condition∫
dθ
2π
γ2λ(kˆ) = 1 (2.7)
For instance, the s-wave and d-wave form factors are
γs(kˆ) =1, (s− wave)
γdx2−y2 (kˆ) =
√
2(kˆ2x − kˆ2y) =
√
2 cos 2θ (d− wave)
(2.8)
As usual, the s-wave form factor is nodeless while the
d-wave form factor has nodes at θ = (2n+ 1)π/4, where
n ∈ Z.
We will show below that there are SC instabilities at
critical values of the coupling constants gcλ, which are
controlled (tuned) by the expectation value of the spin-
triplet nematic order parameter, denoted above by n¯
which, in turn, is determined by how far the system is
into a spin triplet nematic state from its quantum criti-
cal point to the normal Fermi fluid. In particular we will
see that for n¯ small enough there are SC instabilities in
the weak coupling regimes of these coupling constants.
Therefore, the theory we are presenting in this work can
be regarded as a theory of a multicritical point for a sys-
tem close to spin-triplet nematic phases and supercon-
ducting phases (both uniform and non-uniform).
III. SUPERCONDUCTING INSTABILITIES
We start by looking at the Cooper instability in the s-
wave and d-wave channels for both the α- and β-phases
in each of the spin triplet nematic phases. We begin
by writing down the SC susceptibility (i.e. the bubble
diagram in the particle-particle channel) of the isotropic
electron fluid χsc(Q, iωm),
χsc(Q, iωm) = T
∞∑
n=−∞
∫
d2k
(2π)2
γ2λ(kˆ)G0(k +Q/2, iωn + iωm/2)G0(−k +Q/2,−iωn + iωm/2), (3.1)
where ωn = (2n+1)πT are fermionic Matsubara frequen-
cies, ωm = 2mπT are bosonic Matsubara frequencies,
and
G0(k, iωn) =
1
iωn − ǫ(k) (3.2)
is the free-fermion Green function. After performing the
Matsubara sum in Eq. (3.1) we obtain
χsc(Q, iωm) =
=
∫
d2k
(2π)2
γ2λ(kˆ)
1− nF (ǫ(k +Q/2))− nF (ǫ(−k +Q/2))
ǫ(k +Q/2) + ǫ(−k +Q/2)− iωm
(3.3)
and
nF (ǫ) =
1
eǫ/T + 1
(3.4)
is the Fermi-Dirac distribution.
At finite temperature, Eq. (3.3) in general has to be
evaluated numerically. However, at zero temperature it
is possible to obtain explicit analytic expressions for the
SC susceptibility. Below, we will focus first on the zero
temperature SC instabilities and we will take ωm = 0. In
this case we find
χsc(Q) =
=
∫
d2k
(2π)2
γ2λ(kˆ)
1−Θ(−ǫ(k+Q/2))−Θ(−ǫ(−k +Q/2))
ǫ(k +Q/2) + ǫ(−k +Q/2)
(3.5)
We will evaluate Eq. (3.5) for both the α- and β-phases.
A. α-phase
From now on we will focus in the (quadrupolar) l =
2 channel. In this state, the system remains invariant
under a spatial rotation of π/2 followed by a global spin
flip. The α phase is represented by the choice n1 = δzˆ
and n2 = 0. Hereafter we will use the notation n¯→ δ, to
explicitly state that in the α phase the Fermi surfaces of
the up and down spin fermions are distorted as shown in
Fig. 1(a)), with δ being the distortion. Notice that from
Eq. (2.4), for the α-phase (v2 > 0) we have that:
F = rδ2 + v1δ
4 + . . . (3.6)
which has a minimum at δ =
√
|r|/2v1. We can see that
δ scales with the distance to the quantum critical point.
Therefore we can control δ, controlling the parameter r.
Keeping that in mind we can write the superconducting
susceptibility at wave vector Q in the α phase in the SC
channel λ, χλα(Q), in the form
χλα(Q)
N(EF )
=
∫ 2π
0
dθ
2π
γ2λ(kˆ) ln
∣∣∣∣∣ ωDδ cos(2θ)− Q2 cos(θ − φ)
∣∣∣∣∣
(3.7)
where γλ(kˆ) are the form factors for the s and d wave
pairing channels defined in Eq.(2.8). To get the previous
6Q=2∆
Q
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FIG. 2. (color online) SC susceptibility for the α-phase in the
s-wave and d-wave channels in the direction φ = npi/2.
expression we have used the notation∫
d2k
(2π)2
→ N(EF )
∫ ωD
−ωD
dξ
∫ 2π
0
dθ
2π
(3.8)
and then integrated over the excitation energy ξ (mea-
sured from the undistorted FS), where ωD is an energy
cutoff. Here Q and φ are the magnitude and the polar
angle of the momentum Q (with Q being the center of
mass momentum of the Cooper pairs) and N(EF ) the
density of states on the FS, which will be assumed to be
constant.
The susceptibility for the s-wave and d-wave channels
in the direction φ = nπ/2 are plotted in Fig. 2 as a
function of Q = |Q|. It is important to note here that
while in the s-wave channel there is no preference for a
finite value of Q, there is a clear preference in the d-wave
channel, where the susceptibility is enhanced at Q = 2δ
and φ = nπ/2. This provides a first evidence that at least
at zero temperature an inhomogeneous superconducting
state can be the ground state of the system. From now
on we will focus on the d-wave channel, since we are
interested in an inhomogeneous superconducting state.
The SC susceptibility for s and d channels at Q = 0
are finite in the α spin triplet nematic state and are given
by
χsα(0) =N(EF ) ln
(
2ωD
δ
)
χdα(0) =N(EF ) ln
(
2ωD
e1/2δ
)
(3.9)
In contrast with the case of a Fermi liquid in which the
SC susceptibilities are divergent at Q = 0 (due to the
nesting property of the Fermi surface), in the spin triplet
nematic α phase they are finite. Consequently in the α
phase there is a (mean field theory) critical value of the
pairing coupling constants gs and gd for the uniform SC
state to occur,
gcs = χ
s
α(0)
−1, gcd = χ
d
α(0)
−1 (3.10)
The value of the susceptibility at Q = 2δ can be deter-
mined evaluating Eq. (3.7),
χdα(Qop) = N(EF ) ln
(
2ωDe
1/8
δ
)
(3.11)
where |Qop| = 2δ and Qop points in the nπ/2 direction.
The (mean field theory) critical value of the coupling con-
stant in order to have a Cooper instability at finite Q in
the d wave channel is
gαdc(Qop) = χ
d
α(Qop)
−1 (3.12)
In the d-wave case there is an extra factor of e1/8 that
is not present in the s-wave channel. This extra factor
reduces the critical value of the coupling constant in the
d-wave channel.
An important feature of the result of Eq.(3.12) is that
the value of gdc is controlled by the magnitude n¯ = δ of
the spin-triplet nematic state which, more geometrically,
parametrizes the distortions δ of the Fermi surfaces for
fermions with up and down spins. It is the smallness
of the parameter δ that allows us to work in the weak
coupling regime and hence to use BCS theory when δ
is very small. This result will be extended in the next
Section to finite temperature where it will be used to
determine the phase diagram.
Finally let us discuss briefly the role of spin-triplet
pairing interactions (e.g. p-wave pairing). In contrast
to what we found in the singlet s and d wave channels,
the Fermi surfaces of the α phase are still nested. As a re-
sult, there is an infinitesimal SC instability in the uniform
p-wave channel. However, provided we assume that the
coupling constant for this pairing channel is sufficiently
weak, the Tc for the d-wave channel is always higher than
the Tc for the p-wave channel. In what follows we will
ignore the p-wave channel.
In conclusion, in the α phase there is a critical value
of the pairing coupling constant for both the s- and d-
wave uniform SC channels. However, the s-wave channel
does not favor the formation of SC states with finite wave
vector whereas the d-wave channel clearly does, as shown
in Fig.2. In what follows we will only consider the case
of the d-wave channel.
B. β-Phase
From Eq. (2.4) for the β-phase (v2 < 0) we have that:
F = 2rn¯2 + 4v1n¯
4 + v2n¯
4 + . . . (3.13)
which has a minimum at n¯ =
√
|r|/(4v1 + v2). We can
see that n¯ scales with the distance to the quantum crit-
ical point. Therefore, we can control n¯, controlling the
parameter r. As for the α-phase we start by looking at
the Cooper instability in the β-phase. Since in the β-
phase this case the FS’s are spherically symmetric (see
Figs. 1(b) and 1(c)), the SC susceptibility in the pair-
ing channel λ at finite temperature T (Eq. (3.3) with
ωm = 0) can be written for general l as:
7χλβ(Q, T )
N(EF )
=
∫ ωD
−ωD
dξ
∫ 2π
0
dθ
2π
γ2λ(kˆ)
1
8ξ(n¯− ξ)(n¯+ ξ)[(
n¯(−1)l + n¯− 2ξ) (n¯+ ξ)(tanh( n¯− ξ −Q/2 cos(θ − φ)
2T
)
+ tanh
(
n¯− ξ +Q/2 cos(θ − φ)
2T
))
− (n¯(−1)l + n¯+ 2ξ) (n¯− ξ)(tanh( n¯+ ξ −Q/2 cos(θ − φ)
2T
)
+ tanh
(
n¯+ ξ +Q/2 cos(θ − φ)
2T
))]
(3.14)
Notice that the expression for the the SC susceptibility
in Eq. (3.14) depends only on the parity of l, and not on
it’s value.
Let us analyze briefly the behavior of the SC suscep-
tibilities for the l odd and l even cases before discussing
the zero temperature limit.
1. l odd
For l odd the expression of the SC susceptibility in
pairing channel λ of Eq. (3.14) reduces to:
χλβ(Q, T )
N(EF )
=
1
4
∫ ωD
−ωD
dξ
∫ 2π
0
dθ
2π
γ2λ(kˆ)
[
1
(n¯− ξ)
(
tanh
(
n¯− ξ −Q/2 cos(θ − φ)
2T
)
+ tanh
(
n¯− ξ +Q/2 cos(θ − φ)
2T
))
+
1
(n¯+ ξ)
(
tanh
(
n¯+ ξ −Q/2 cos(θ − φ)
2T
)
+ tanh
(
n¯+ ξ +Q/2 cos(θ − φ)
2T
))]
(3.15)
At Q = 0 the previous expression reduces to the BCS
result
χλβ(0, T )
N(EF )
=
∫ ωD
−ωD
dξ
1
ξ
tanh
(
ξ
2T
)
(3.16)
where we used that ωD ≫ ξ and we made a change of
variables. We can then deduce that for odd l, the uni-
form SC state is the most favorable state since there is
a logarithmic divergence of its susceptibility at T = 0.
Notice the close similarity, for example, with the case
where there is a finite spin-orbit coupling (see Ref.[74]
and references therein). In the case of a Rashba spin-
orbit interaction (which is similar to the β-phase with
l = 1), the uniform SC state is favorable in the absence
of magnetic field. However, in the presence of a Zeeman
coupling to a magnetic field, it is possible to favor an
inhomogeneous superconducting state (we will not study
the effect of magnetic fields in the present paper). Those
states have been recently studied extensively by Zhang
et. al.75–77
2. l even
In this case, the SC susceptibility of Eq. (3.14) reduces
to:
χλβ(Q, T )
N(EF )
=
∫ ωD
−ωD
dξ
∫ 2π
0
dθ
2π
γ2λ(kˆ)
1
4ξ
[
1− n¯F (ξ + n−Q/2 cos(θ − φ))− nF (ξ − n¯+Q/2 cos(θ − φ))
+ 1− nF (ξ + n¯+Q/2 cos(θ − φ)) − nF (ξ − n¯−Q/2 cos(θ − φ))
]
(3.17)
Having determined the expression for finite T , we will
compute the SC susceptibility at T = 0. After integrat-
ing over ξ in Eq. (3.17) and taking the T → 0 limit, we
8Q=2n
Q
ΧHQL
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FIG. 3. (color online) SC susceptibility for the β-phase in the
s-wave and d-wave channels in the direction φ = npi/2.
get:
χλβ(Q, 0)
N(EF )
=
∫ 2π
0
dθ
2π
γ2λ(kˆ) ln
∣∣∣∣ ωDn¯−Q/2 cos(θ − φ)
∣∣∣∣
(3.18)
For the s-wave case, γs(kˆ) = 1, and the previous expres-
sion can be easily evaluated to be
χsβ(Q, 0)
N(EF )
=


ln

 2ωD/n¯
1 +
√
1− (Q/2n¯)2

 , 0 ≤ Q ≤ 2n¯
ln
(
4ωD
Q
)
, Q > 2n¯
(3.19)
We can see that the value of Q that gives the maximum
susceptibility is Q = 2n¯ and Q can point in any direction
by rotational symmetry.
On the other hand, for the d-wave case, whose form
factor is γd(kˆ) =
√
2 cos 2θ, we have to computed nu-
merically the SC susceptibility of Eq.(3.18), and found
that the maximum is at φ = nπ/2 and Q = 2n¯, i.e. the
antinodal directions of the d-wave order parameter.
Just as in the case of the α-phase, there is a critical
value for the pairing coupling constant in the s- and d-
wave channels given by the inverse of the respective SC
susceptibilities (e.g. Eq.(3.18)). Even though there is a
critical value for the coupling constants, this is smaller
than the critical value for Q = 0. Therefore, for even
l, the condensation Cooper pairs with finite momentum
is more favorable (at least at low temperatures for both
the s- and d-wave channels). Also notice that, as in the
α-phase, in the β-phase we also find that the critical pair-
ing coupling constants in the s and d wave channels obey
gdβ,c < g
s
β,c since the d-wave channel has a larger SC sus-
ceptibility than the s wave channel at the ordering wave
vector. Let us mention that basically the same expres-
sion for the susceptibility for the s-wave Eq. (3.19) was
obtained by Shimahara56 who considered an FF phase in
a 2D electron gas in the presence of a Zeeman coupling
to a perpendicular magnetic field, h. His expression for
the susceptibility differs from us in that our n¯ is replaced
in his expression by h. At the mean-field level there is a
close analogy between the two problems. Here, we can
get an inhomogeneous superconducting phase without an
external magnetic field, if we have the system in a β-
phase with even angular momentum l.
IV. MEAN FIELD THEORY AT T > 0
We will now consider the mean-field (MF) theory of
a Hamiltonian that includes the nematic phase and the
pairing interaction Eq.(2.5). For that, we will work in the
imaginary time path integral formalism where the action
is given by78
S =
∫ β
0
dτ
[∫
dx ψ¯σ(x, τ)(∂τ − µ)ψσ(x, τ) +H(ψ¯, ψ)
]
(4.1)
where ψσ(x, τ) is a Fermi field for spin-1/2 fermions, µ
is the chemical potential, and H is the full Hamiltonian.
We will perform a Hubbard-Stratonovich transformation
to get rid of the quartic fermionic terms in the pairing
term in H . We will consider both the α-phase and the
β-phase of the spin-triplet nematic state.
A. α-phase
Let us start by looking at the α-phase. In this case the
effective action for the superconducting state is given by:
S =
∫ β
0
dτ

∑
k,σ
ψ¯k,σ(∂τ + ξk,σ)ψk,σ +
∑
q
|∆q|2
g
−
∑
q
∑
k
γ(kˆ)ψ¯k+q/2,↑ψ¯−k+q/2,↓∆q
−
∑
q
∑
k
γ(kˆ)∆∗qψ−k+q/2,↓ψk+q/2,↑
]
(4.2)
where ∆q(τ) is the Hubbard-Stratonovich field associ-
ated with the superconducting order parameter at wave
vector q. In the α-phase the kinetic energies of fermions
with up and down spins measured from their respective
Fermi surfaces are
ξk,↑ = ξ − δ cos 2θ, ξk,↓ = ξ + δ cos 2θ (4.3)
respectively, where we have included the magnitude of
the spin-triplet nematic order parameter δ in the defi-
nition of ξ↑,↓, and ξ is the energy measured from the
undistorted circular FS.
As we saw in the Section III, there are four equivalent
directions for which the SC susceptibility for the α-phase
9has a maximum, it is natural to focus in the following four
different cases for the superconducting order parameters:
Fulde-Ferrell (FF), PDW (or Larkin-Ovchinnikov (LO)),
bidirectional PDW (or “checkerboard”), and uniform:
• Uniform phases: In the regime in which the α-phase
order parameter is very small we find conventional
px (or py) wave (spin-triplet) or dx2−y2-wave (spin
singlet) (depending on which coupling constant is
stronger).
• FF phase: In this phase only one wave vector con-
tributes to the SC order parameter
∆(r) = ∆Q(r)e
iQ·r (4.4)
In this phase translation and gauge invariance as
well as time reversal and parity are spontaneously
broken. The SC order parameter field is a one-
component complex field ∆Q(r) (which has a con-
stant expectation value).
• PDW phase: two wave vectors contribute to the SC
order parameter
∆(r) = ∆Q(r) e
iQ·r +∆−Q(r) e
−iQ·r (4.5)
This state breaks translation and gauge invariance
but it is time-reversal invariant. The order parame-
ter field now has two complex components, ∆±Q(r)
and, hence, has two amplitude fields |∆±Q(r)| and
two phase fields, θ±Q(r) = arg[∆±Q(r)]. In the
London gauge and with a choice of origin, and
with parity invariance ∆Q = ∆−Q, the expecta-
tion value of the order parameter takes the LO
sinusoidal dependence on position, i.e. ∆(r) =
2|∆Q| cos(Q · r). The thermal fluctuations of the
phase fields θ±Q play a key role of the thermal melt-
ing of the PDW phase.79
• Bidirectional phase (or checkerboard) (Bi): in this
phase four wave vectors contribute to the SC order
parameter,
∆(r) = ∆Qe
iQ·r +∆−Qe
−iQ·r +∆Q¯e
iQ¯·r +∆−Q¯e
−iQ¯·r
(4.6)
In this phase the SC order parameter is then a
four-component complex field with ∆±Q(r) and
∆±Q¯(r) being the four complex components (and
hence four amplitudes and four phase fields). Un-
der the assumption of parity and C4 symmetry it
reduces to
∆(r) = 2|∆Q| (cos(Q · r) + cos(Q¯ · r)) (4.7)
where Q · Q¯ = 0 and we have assumed |∆Q| =
|∆−Q| = |∆Q¯| = |∆−Q¯|.
In addition to the four possible states aforementioned,
it is also possible to have 2 more states that satisfy the
symmetries of the problem (although as we will show
below, and as the FF state, they do not appear in the
phase diagram):
• Double-helix (2H): in this phase two wave vectors
contribute to the SC order parameter,
∆(r) = ∆Qe
iQ·r +∆Q¯e
iQ¯·r (4.8)
As in the FF state, in this phase translation and
gauge invariance as well as time reversal and parity
are spontaneously broken.
• Bidirectional time-reversal breaking PDW (Bi2): in
this phase four wave vectors contribute to the SC
order parameter,
∆(r) = ∆Qe
iQ·r +∆−Qe
−iQ·r +∆Q¯e
iQ¯·r +∆−Q¯e
−iQ¯·r
(4.9)
In this phase the SC order parameter is then a
four-component complex field with ∆±Q(r) and
∆±Q¯(r) being the four complex components (and
hence four amplitudes and four phase fields). In
contrast to the bidirectional phase we can take a
different choice for the relative phases of the or-
der parameters (this corresponds to the phase ‘5’
discussed in Ref. [80]).
∆(r) = 2|∆Q| (cos(Q · r) + i cos(Q¯ · r)) (4.10)
This phase breaks time-reversal invariance.
Below we will compute the free energy for each one of
these phases.
The free energies of the different states are obtained
by integrating out the fermionic degrees of freedom in
Eq. (4.2). For the case of FF phase (and for the uniform
phases) it is possible to get an explicit expression for the
effective free energy as function of the (constant) value
of the order parameter field. However, for the PDW, the
bidirectional PDW, the double-helix and time-reversal
breaking bidirectional PDW this has to be done numeri-
cally except near the phase boundary where, if the transi-
tion is continuous, the Landau-Ginzburg free energy can
be calculated as usual as an expansion in powers of the
order parameters.
After writing the fermion operators in the Nambu
spinor representation
Ψ¯k = (ψ¯k+Q/2,↑, ψ−k+Q/2,↓) (4.11)
the action for the general state with a static order pa-
rameter ∆Q has the form
Seff [∆Q] = −
∑
k,k′,n
Ψ¯k,nG−1k,k′,nΨk′,n + β
∑
Q
|∆Q|2
g
+ β
∑
k
ξ−k+Q/2,↓ (4.12)
In the case of the FF phase the modes Ψk,n with wave
vector k and Matsubara frequency ωn decouple from each
other and as a result the matrix G−1k,k′,n is block diagonal.
However, this is not the case for the other inhomogeneous
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SC phases aforementioned in which, due to this mixing,
it is not possible to write the free energy in closed form.
Nevertheless sufficiently close to the phase boundary with
the normal state, the free energy of the α phase for the in-
homogeneous SC phases can be computed perturbatively
in powers of the SC order parameter with each term be-
ing represented by a Feynman diagram computed in the
normal phase. Here we will focus only on the phases
which arise very close to the thermodynamic transition
from the normal state. Other phases may occur far from
this phase boundary and will not be considered here.
1. Free energy of the FF phase
In the FF case, we can write the action in Eq. (4.2) in
the simpler form
S[Ψ¯,Ψ,∆Q,∆
∗
Q] =−
∑
k,n
Ψ¯k,nG−1k,iωnΨk,n + β
|∆Q|2
g
+ β
∑
k
ξ−k+Q/2,↓, (4.13)
where β = 1/T . Here we assumed that ∆Q is constant
and real, and we have used the notation
G−1k,iωn =
(
iωn − ξk+Q/2,↑ ∆Qγ(kˆ)
∆∗Qγ(kˆ) iωn + ξ−k+Q/2,↓
)
(4.14)
for the inverse of the fermion Green function in the FF
phase, where γ(kˆ) is the form factor for the different SC
channels.
After integrating-out the fermionic degrees of freedom
we get
Seff[∆Q,∆
∗
Q] = − ln det[G−1]+β
|∆Q|2
g
+const., (4.15)
We need to compute
ln det[G−1] =
∑
k,n
ln(λ
(1)
k,nλ
(2)
k,n) (4.16)
where λ
(i)
k,n are the eigenvalues of the matrix G−1k,iωn . Us-
ing that
ξ
k+Q
2
,↑ =ξ − δ cos 2θ +
Q
2
cos(θ − φ)
ξ−k+Q
2
,↓ =ξ + δ cos 2θ −
Q
2
cos(θ − φ) (4.17)
we find that:
λ
(1,2)
k,n =± Ek +
Q
2
cos(θ − φ)− δ cos 2θ − iωn (4.18)
where Ek =
√
ξ2 + γ2(kˆ)|∆Q|2
After integrating-out the fermionic fields we find
Fs − Fn = |∆Q|
2
g
− 2TN(EF )
∫ 2π
0
dθ
2π
∫ ωD
0
dξ
[
ln
(
1 + e−(
√
ξ2+2 cos2 2θ|∆Q|2+Q/2 cos(θ−φ)−δ cos 2θ)/T
1 + e−(ξ+Q/2 cos(θ−φ)−δ cos 2θ)/T
)
+ ln
(
1 + e(
√
ξ2+2 cos2 2θ|∆Q|2−Q/2 cos(θ−φ)+δ cos 2θ)/T
1 + e(ξ−Q/2 cos(θ−φ)+δ cos 2θ)/T
)] (4.19)
We can now look for the minimum of the Free en-
ergy Fs of Eq.(4.19) with respect to ∆Q and Q to find
the thermodynamically stable state. We do this mini-
mization numerically over a range of values for T and δ.
For the d-wave channel we find a range of T and δ in
which there is superconducting order, ∆ 6= 0, but which
may also be inhomogeneous and hence has Q 6= 0, as
expected from the SC instabilities computed in section
III. This result suggests the possible presence of either
a time-reversal breaking inhomogeneous SC state or a
time-reversal invariant PDW (or LO) SC state. In ad-
dition, the transition from the normal (non-SC state) to
the putative FF state is continuous. Since a continuous
transition is reflected in the divergence of the suscepti-
bility and this is independent of the nature of the inho-
mogeneous SC state, as it is the same for FF, double-
helix, unidirectional PDW, bidirectional PDW and time-
reversal breaking bidirectional PDW, we need to inves-
tigate which one of these states actually has lower free
energy. Since the phase transition is continuous we can
investigate the stability of the different phase by expand-
ing the free energy in powers of ∆Q up to fourth order.
B. Ginzburg Landau Free Energy
Considering all the possible SC aforementioned phases
the most general expression for the free energy compati-
ble with gauge invariance, translation invariance and ro-
11
tation invariance (or point group symmetry) has the form
F =
c2
2
(|∆Q|2 + |∆−Q|2 + |∆Q¯|2 + |∆−Q¯|2)
+
c4
4
(|∆Q|4 + |∆−Q|4 + |∆Q¯|4 + |∆−Q¯|4)
+
u
4
(|∆Q|2|∆−Q|2 + |∆Q¯|2|∆−Q¯|2)
+
v1
4
(|∆Q|2|∆Q¯|2 + |∆−Q|2|∆−Q¯|2
+|∆Q|2|∆−Q¯|2 + |∆−Q|2|∆Q¯|2
)
+
v2
4
(
∆Q∆
∗
Q¯
∆−Q∆
∗
−Q¯ + h.c.
)
+ . . . (4.20)
A similar phenomenological expression for the free energy
(for a system with the C4 symmetry of a square lattice)
was given by Agterberg and Tsunetsugu.80
Knowing the expression for the coefficients in GL free
energy we can see which state is favorable. This is equiv-
alent to computing the GL free energy for each SC state
and compare them to see which one is the lowest. For the
FF state we will use that ansatz that the only non zero
order parameter is |∆Q|, for the unidirectional PDW we
will assume |∆Q| = |∆−Q|, for the bidirectional PDW
|∆Q| = |∆−Q| = |∆Q¯| = |∆−Q¯|, for the double-helix
|∆Q| = |∆Q¯| and for the bidirectional time-reversal-
breaking PDW (Bi2) phase |∆Q| = |∆−Q| = |∆Q¯| =
|∆−Q¯|. Then for each state we have the following SC
free energies:
FFF =
cFF2
2
|∆Q|2 + c
FF
4
4
|∆Q|4 + . . . (4.21)
FPDW =
cPDW2
2
|∆Q|2 + c
PDW
4
4
|∆Q|4 + . . . (4.22)
FBi =
cBi2
2
|∆Q|2 + c
Bi
4
4
|∆Q|4 + . . . (4.23)
F2H =
c2H2
2
|∆Q|2 + c
2H
4
4
|∆Q|4 + . . . (4.24)
FBi2 =
cBi22
2
|∆Q|2 + c
Bi2
4
4
|∆Q|4 + . . . (4.25)
where
cPDW2 =2c
FF
2
cPDW4 =2c
FF
4 + u
cBi2 =4c
FF
2
cBi4 =4c
FF
4 + 2u+ 4v1 + 2v2
c2H2 =2c
FF
2
c2H4 =2c
FF
4 + v1
cBi22 =4c
FF
2
cBi24 =4c
FF
4 + 2u+ 4v1 − 2v2 (4.26)
where the coefficients are given in Appendix A. This ex-
pansion is only valid provided c4 > 0. If c4 < 0 we need
to include higher order terms in the expansion to assure
thermodynamic stability for large ∆Q.
Using standard perturbation theory (see, e.g. Refs.
[81–85]) the computation of the coefficients in the free
energy reduces to a computation of a set of Feynman
diagrams. An explicit derivation and form of the coef-
ficients c2 and c4 for each of the SC states is given in
Appendix A.
We find that for the range of parameters that we
considered c4 > 0. For c2 > 0 the minimum is at
|∆Q| = 0, with F = 0. For c2 < 0 the minimum is
at |∆Q| =
√
|c2|/c4, with F = −c22/4c4. Computing nu-
merically the coefficients for the FF, double-helix, uni-
directional PDW, bidirectional PDW and bidirectional
time-reversal-breaking PDW SC states we then compare
their respective free energies resulting in the phase dia-
gram shown in Fig. 4(a).
For T/∆BCS & 0.33, and provided the pairing coupling
constant gdα is larger that its critical value, there is a con-
tinuous transition from the normal (Non-SC) state to the
uniform dx2−y2 -wave SC state, where the conventional
BCS SC gap ∆BCS = 2ωD exp(−1/gNF ) is introduced
to parametrize the dependence on g and ωD, where ωD
is a high energy cutoff. For the isotropic state, δ = 0,
we recover the usual BCS second order transition at
T ≈ 0.5669∆BCS. However, for 0.33 & T/∆BCS & 0.23
the transition from the normal (Non-SC) state to the
uniform d-wave SC state is found to be first order, where
there is a tricritical point, TTCP ≃ 0.33∆BCS.
The nodal directions of the dx2−y2-wave state are, as
usual, along the diagonals. In the α phase these direc-
tions are symmetry directions where the two Fermi sur-
faces intersect each other, while the antinodal directions
point along the lobes of the Fermi surface (see Fig.4(b)).
A putative dxy-wave SC state would have its antinodal
directions along the diagonals. However this state is not
favored since the isotropic Fermi surface has been effec-
tively gapped (except at a set of zero measure) leading,
once again, to a state with a critical coupling constant.
In addition, the dxy form factor does not favor inhomo-
geneous SC states. We will not discuss this channel in
what follows.
The most interesting part of the phase diagram is for
T/∆BCS . 0.23. In this region there is a continuous
transition from the normal (Non-SC) state to an in-
homogeneous superconducting state. Here we find two
distinct phase transitions. For the temperature range
0.23 & T/∆BCS & 0.20 there is a continuous phase tran-
sition from the normal (Non-SC) state to a bidirectional
PDW state, while for T/∆BCS . 0.20 there is a contin-
uous transition to a unidirectional PDW SC state. The
ordering wave vector for the bidirectional PDW state is
locked along the diagonal direction of the spin triplet ne-
matic α phase (as shown in Fig. 4(c)). We also find
that, for this model, the time-reversal breaking phases
(FF, 2H and Bi2) are not energetically favorable, at least
close enough to the transition to the normal state.
In addition, we find a transition from the bidirectional
PDW SC to the uniform d-wave SC state and from the
unidirectional PDW to uniform d-wave state. Since our
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FIG. 4. (color online) (a) Phase diagram as a function of the
parameters T/∆BCS and δ/∆BCS . The light blue region cor-
responds to the uniform d-wave SC state (with Q = 0). The
yellow and green regions correspond to the PDW and the bidi-
rectional SC states respectively. P labels the tricritical point
discussed in the text.(b) Order parameter of the uniform d-
wave SC state. (c)-(e) Direction of the inhomogeneous super-
conducting wave vector Q for (c) 0.23 & T/∆BCS & 0.055,
(d) 0.055 & T/∆BCS > 0 and (e) T = 0. Smooth curves
show continuous phase transitions and first order transitions
are shown as dashed curves.
expansion for the free energy Eq. (4.20) is only valid close
to the continuous transition, we investigate this transi-
tion using the exact expression for the free energy Eq.
(4.19), and find that this transition is first order. How-
ever, the exact expression for the free energy Eq. (4.19)
is valid only for the uniform and the FF SC states, and
hence it can describe only the putative transition from
the uniform d-wave to the PDW states, depicted by a
dashed curve in Fig. 4(a). The actual transition from
the PDW SC states to the uniform d-wave SC state can-
not be described by this free energy and it is most likely
to occur to the left of the dashed curve. Deeper in the
phase diagram the phases that break translation invari-
ance should be described by an ansatz that includes many
harmonics and, hence, it is best described as a sequence
of domain walls, or discommensurations, as in the theory
of charge-density-waves.
We also investigated the possibility of coexistence of
the inhomogeneous superconducting state and the uni-
form d-wave SC state. We found that this does not hap-
pen and that the system prefers to be either in the pure
inhomogeneous superconducting state or in the pure uni-
form d-wave SC state. In addition our results suggest
that the continuous phase transition from the normal α
phase to the bidirectional PDW state merges with the
first order transition into the d-wave state. This feature
is not generic and it is likely to be an artifact of the
model.
In our analysis we find that the direction (and magni-
tude) of the ordering wave vector Q changes along the
continuous phase boundary from the normal to the in-
homogeneous superconducting state (as shown in Figs.
4(c), 4(d), and 4(e).) At T = 0, Q points along the direc-
tion of maximum distortion φ = nπ/2, where n ∈ Z and
Q = |Q| = 2δ (Fig.4(e)), and hence there are two possi-
ble orientations for the unidirectional PDW state. As the
temperature increases, Q rotates continuously towards
the diagonal directions (Fig.4(d)) and for T/∆BCS &
0.055 locks to the diagonal directions φ = nπ/2 + π/4
(Fig.4(c)) where, at a somewhat higher temperature, the
ordering becomes bidirectional along the two diagonals.
In the intermediate regime there are four possible orien-
tations for the unidirectional PDW state which reduce to
two directions once the ordering wave vector locks along
the diagonal direction of the α phase. We only find bidi-
rectional PDW order along the principal axes of the α
phase. A similar evolution of ordering wave vectors was
found in studies of 2D FFLO phases due to the presence
of a Zeeman magnetic field.58
So far we have only considered an attractive pairing
interaction in the d-wave channel. However, it is also
possible to have spin-triplet superconductivity, e.g. p-
wave, even if the microscopic interactions are nominally
repulsive.86–88 In this case we can have pairing between
fermions with the same spin polarization (up-up and
down-down). As we can see from Fig. 1(a) there is
perfect nesting, so there is an infinitesimal SC instabil-
ity in the spin-triplet channel (with zero center of mass
momentum of the Cooper pairs). This SC state is domi-
nant for small values of the coupling constant. However,
if the coupling constant in the d-wave channel is larger
than a critical value gc, it will be a competition between
the d-wave SC state and the spin-triplet SC state. We
considered possible coexistence and competition between
both phases (d-wave and uniform p-wave). We found that
there is no coexistence between such phases and that the
state with a larger Tc will be dominant. We can effec-
13
tively tune the coupling constant in the d-wave channel
in order make the d-wave SC state favorable against the
p-wave SC state (or, equivalently, lower the coupling con-
stant in the p-wave channel in order to decrease its Tc).
C. β-phase MF
We now turn to the case of the nematic triplet β phase
and look for the possible superconducting states that may
occur. For the choice |n1| = |n2| = n¯ and n1 = n¯xˆ and
n2 = n¯yˆ the Hamiltonian in the β phase can be written
as:
H =
∑
k,α,β
c†k,α(ǫk − n¯dk · σα,β)ck,β
+
∑
k,k′,q
V (k,k′)c†
k+q/2,↑c
†
−k+q/2,↓c−k′+q/2,↓ck′+q/2,↑
(4.27)
where dk = (cos(lθk), sin(lθk), 0).
dk · σ =
(
0 e−ilθk
eilθk 0
)
(4.28)
As we saw in the Section III, for the d-wave channel there
are four equivalent directions for which the SC suscepti-
bility for the β-phase has a maximum. Thus, as for the
α-phase, we can focus on different cases for the supercon-
ducting order parameters: FF, double-helix, PDW, bidi-
rectional PDW and time-reversal breaking PDW. How-
ever, for s-wave pairing all the directions are equivalent,
allowing us to have in principle orderings in all possible
directions. Nevertheless, we will only study in addition
to the FF, PDW and bidirectional PDW SC states, the
tridirectional PDW and the triple helix state, which are
expected to be favored on the basis of symmetry. These
phases are defined as the follows:
• Triple helix phase: in this phase three wave vectors
contribute to the SC order parameter,
∆(r) = ∆Q1e
iQ1·r +∆Q2e
iQ2·r +∆Q3e
iQ3·r (4.29)
where the angle between the Qi’s is 2π/3. As-
suming from now on |Q1| = |Q2| = |Q3|, so that
Q1+Q2+Q3 = 0, |∆Q1 | = |∆Q2 | = |∆Q3 |, and ne-
glecting the phase fluctuations of these three com-
plex order parameters, we write the previous ex-
pression as:
∆(r) = ∆|Q1|
(
eiQ1·r + eiQ2·r + eiQ3·r
)
(4.30)
• Tridirectional PDW phase: in this phase six wave
vectors contribute to the SC order parameter,
∆(r) =∆Q1e
iQ1·r +∆−Q1e
−iQ1·r
+∆Q2e
iQ2·r +∆−Q2e
−iQ2·r
+∆Q3e
iQ3·r +∆−Q3e
−iQ3·r (4.31)
In this phase the SC order parameter is then a
six-component complex field with ∆±Qi , where
i = 1, 2, 3, being the six complex components (and
hence six amplitudes and six phase fields). Under
the assumption of parity and C6 symmetry it re-
duces to
∆(r) = 2|∆Q| (cos(Q1 · r) + cos(Q2 · r) + cos(Q3 · r))
(4.32)
where we assumed that the tree ordering wave vec-
tor have the same magnitude, |Q1| = |Q2| = Q3| =
|Q| and that the angle between these vectors is
2π/3. In addition we also assumed that |∆Q1 | =
|∆−Q1 | = |∆Q2 | = |∆−Q2 | = |∆Q3 | = |∆−Q3 |
Since the possible SC phases for the β is larger than what
we found in the case of the α phase, the associated Lan-
dau free energy has a more complex for. We will not
exhibit it here in its full form (for a general phenomeno-
logical expression for the free energy see for instance Ref.
[89]). We will compute the free energy for each one of
these phases in order to determine the phase diagram as
we did for the α-phase. As for the α-phase we can per-
form a Hubbard-Stratonovich transformation to decouple
the pairing interactions. Here too the calculation simpli-
fies for the FF phases since the Green function matrix
is block diagonal, with each block being labeled by the
momentum k and the Matsubara frequency ωn. Also,
as what we found in the α phase, the free energy in the
PDW SC states cannot be computed in closed form and
can be obtained as a power series expansion in the PDW
order parameters, whose coefficients need to be evaluated
numerically. This analysis leads to the phase diagrams
shown in Fig.5 and Fig. 6.
The action for the FF state is
S[Ψ¯,Ψ,∆Q,∆
∗
Q] =
−
∑
k,n
Ψ¯k,nG−1k,iωnΨk,n + β
|∆Q|2
g
+ const., (4.33)
where now the Nambu operator Ψ¯k is given by
Ψ¯k = (ψ¯k+Q/2,↑, ψ¯k+Q/2,↓, ψ−k+Q/2,↑, ψ−k+Q/2,↓)
(4.34)
The inverse of the Green function for fixed k and ωn,
Gk,iωn , is given by the 4× 4 matrix
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G−1k,iωn =
1
2


iωn − ξk+Q/2,↑ ne−ilθk+Q/2 0 ∆Qγ(k)
neilθk+Q/2 iωn − ξk+Q/2,↓ −∆∗Qγ(k) 0
0 −∆Qγ(k) iωn + ξ−k+Q/2,↑ −neilθ−k+Q/2
∆∗Qγ(k) 0 −ne−ilθ−k+Q/2 iωn + ξ−k+Q/2,↓

 (4.35)
In the β-phase ξk,↑ = ξk,↓ = ξk and ξk = ξ−k. Also
notice that θ−k = θk + π.
After integrating out the fermionic degrees of freedom
we get:
Seff[∆
∗
Q,∆Q] =−
∑
k,n
ln detG−1k,n + β
|∆Q|2
g
+ const.
=−
∑
k,n
4∑
j=1
lnλ
(j)
k,n + β
|∆Q|2
g
+ const.
(4.36)
where λ
(j)
k,n are the eigenvalues of G−1k,iωn . Using that
ξ±k+Q/2 = ξ ±Q/2 cos(θ − φ) (4.37)
we find that:
λ
(j)
k,n =Ej − iωn (4.38)
where Ej are the eigenvalues of the 4×4 matrix 2G−1k,iωn−
iωnI.
Since we are interested in the inhomogeneous super-
conducting state, we focus from now on β phases with
even l. The Free energy in the β-phase is given by
Fs − Fn = |∆Q|
2
g
−TN(EF )
∫ 2π
0
dθ
2π
∫ ωD
0
dξ
4∑
j=1
ln
(
1 + e−Ej(∆Q)/T
1 + e−Ej(∆=0)/T
)
(4.39)
Once again, we nowminimize the free energy with respect
to ∆ andQ to find the equilibrium state. In contrast with
the α phase, in the β-phase is not necessary to have d-
wave pairing to have an inhomogeneous superconducting
state. Thus, we can now have s- or d-wave pairing. We
will study below the phase diagram for the β-phase for
both SC channels.
The resulting phase diagrams have a rich structure.
We find again that the transition from the normal (non-
SC state) to the inhomogeneous superconducting state
is continuous. However, in contrast to the α-phase case,
we found that transition is continuous at all temperatures
even as the inhomogeneous states meet the uniform states
(s or d wave depending on the case). Thus in the β
phase the transition from the normal (Non-SC) state to
the uniform SC state and to the unidirectional PDW SC
state is continuous and are shown in the phase diagrams
of Fig. 5 and Fig. 6 respectively.
In particular the transitions between the uniform SC
states and the unidirectional PDW states are multicrit-
ical points which have the same structure as the well
known Lifshitz points of magnetism and liquid crystals.90
Near the Lifshitz points the SC susceptibilities can be ex-
panded in powers of the magnitude of the ordering wave
vector Q = |Q| in the form
χλβ(Q)
N(EF )
= χ0 + χ2Q
2 + χ4Q
4 +O(Q6) (4.40)
where the coefficients χ0, χ2 and χ4 need to be computed
numerically. The important feature of the SC susceptibil-
ity is that the coefficient χ2 continuously changes along
the phase boundary between the normal state and the
uniform SC state from positive to negative values across
the Lifshitz point where it vanishes. The other two co-
efficients, χ0 and χ4, also vary smoothly but without
changing sign.
FIG. 5. (color online) Phase diagram in the nematic β-phase
for s-wave pairing. Here n is the magnitude of the order pa-
rameter of the spin triplet nematic β phase. All transitions
from the non-SC β phase are continuous. Notice the com-
plex sequence of phases with different types of homogeneous
and inhomogeneous orders, and their sequence of multicriti-
cal points. Here L labels the Lifshitz point discussed in the
text. Smooth curves show continuous phase transitions and
first order transitions are shown as dashed curves. The same
caveats we pointed out in the case of the α phase apply here
too. See text for details.
As we did for the α-phase we can compute the
Ginzburg-Landau free energy for the β-phase. We need
again to determine the coefficients c2 and c4 in the GL
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FIG. 6. (color online) Phase diagram in the nematic β-phase
for d-wave pairing. Here n is the magnitude of the order
parameter of the spin-triplet nematic β phase. L is the Lif-
shitz point separating the uniform d-wave SC from the uni-
directional PDW phase. P2 is a tricritical point separating
a continuous non-SC high temperature phase from the bidi-
rectional PDW phase, and P1 is a bicritical point separating
the low temperature bidirectional phase oriented along the
anti-nodal direction of the d-wave from a bidirectional PDW
oriented along the nodal direction. Smooth curves show con-
tinuous phase transitions and first order transitions are shown
as dashed curves. See text for details.
free energy for the different SC phases. This can be done
in the same way we determined the GL free energy coeffi-
cients for the α-phase (explained in detail in the appendix
A). In addition, as it was mentioned above, there is a par-
allel in the calculations for the expression with even l in
the β-phase and the calculations carried by Shimahara
in Ref. 56. Therefore we can use his results to determine
the phase diagrams for the s- and d-wave channels.
For the s-wave pairing we found the following. For
0.318 & T/∆BCS & 0.136 the favored SC state is a uni-
directional PDW state with wave vectorQ with arbitrary
direction. The unidirectional PDW SC phase meets the
uniform s-wave SC at the Lifshitz point shown in Fig.5.
The wave vector of the unidirectional PDW state grows
continuously from zero away from the Lifshitz point.90 In
the temperature range 0.136 & T/∆BCS & 0.091 a triple
helix FF state is favorable, while for 0.091 & T/∆BCS &
0.028 the bidirectional PDW state is favorable. Finally,
for T/∆BCS . 0.028 a tridirectional PDW state is the
favored. These results are summarized in the phase dia-
gram in Fig. 5.
It was pointed out in Ref. [89] in the Tri-PDW state
is possible to have additional terms of the free energy of
the form ∆Q1∆Q2∆
∗
−Q3
∆∗0 in the GL free energy, where
∆∗0 is the order parameter for the uniform s-wave. Such
terms arise if there is a coexistence phase between the
tridirectional PDW state and the uniform s-wave SC
state. Similarly, higher charge subdominant uniform SC
states are expected to occur in in PDW phases.31,79
In the case of d-wave pairing the situation is different.
The phase diagram for the β phase in the d-wave case is
shown in Fig. 6. Here we find that the direction of or-
dering wave vector Q of the inhomogeneous SC states is
no longer arbitrary and it is not same throughout these
superconducting states. For T/∆BCS . 0.034, the or-
dering wave vector Q points in the antinodal directions
of the d-wave with φ = nπ/2, where n ∈ Z. On the other
hand, for T/∆BCS & 0.034, the ordering wave vector Q
now points in the nodal directions with φ = nπ/2+ π/4.
For T/∆BCS . 0.034 we find a bidirectional PDW
state whose ordering wave vector Q points along the
antinodal directions of the d-wave. For 0.034 .
T/∆BCS < 0.068 we find a bidirectional PDW state
whose ordering wave vector Q points along the nodal
directions of the d-wave. This means that above the tri-
critical point P1 shown in Fig.6 (where T/∆BCS = 0.034)
the direction of the ordering wave vectorQ rotates by π/4
and above P1 points along the nodal directions of the d-
wave. Above the tricritical point P1 the transition from
the normal state (Non-SC) to the bidirectional PDW
state is first order and becomes continuous at a the sec-
ond tricritical point P2 at T/∆BCS = 0.048. The coeffi-
cient c4 of the Landau free energy vanishes at both tricrit-
ical points (as it should). For 0.068 . T/∆BCS . 0.318
we find a unidirectional PDW state whose ordering wave
vector Q points along the nodal directions of the d-wave.
V. CONCLUDING REMARKS
A principal motivation for this work was to investigate
using controlled approximations the possible relation be-
tween electronic liquid crystal phases (of which the spin
triplet nematic states are just two examples) and super-
conductivity. Our results indicate that this type of elec-
tronic liquid crystal phases naturally give raise to com-
plex inhomogeneous superconducting phases. Unfortu-
nately, so far as we know, spin-triplet nematic metallic
phases have yet to be discovered in experiment.
Earlier studies of superconducting instabilities in spin-
singlet nematic phases did not reach a clear answer.62,91
In addition, PDW phases and others of similar nature,
are notoriously difficult to study as they are outside the
reach of weak coupling BCS theory.42,92 On the other
hand, high-quality numerical tensor-network approaches
such as iPEPS have provided solid evidence for the ex-
istence (or, at least, competitiveness) of PDW phases in
simple 2D strongly correlated systems such as the t − J
model.49 Interestingly these authors find that some de-
gree of fixed nematicity (i.e. explicit rotational symmetry
breaking) strongly favors PDW ordered SC states. In ad-
dition, commensurate PDW phases have been shown to
occur in Kondo-Heisenberg chains52 and in doped spin-
ladders.53
The models we studied is this paper are, on the other
hand, too idealized as they stand to be relevant to the
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physics of the cuprates. In addition of the important
role of magnetism that these spin-triplet phases imply,
for which there is no evidence in these materials, we
have used a continuum description with simple (nearly
circular) Fermi surfaces. In strongly correlated systems
rotational spatial symmetry is strongly broken down to
the point group symmetry of the lattice. So far there
are few studies of lattice models with nematic spin-triplet
phases68,69 and they typically find that this Pomeranchuk
type phase transition requires a substantial value of the
one-site Hubbard interactions which put them outside
the regime in which their mean field theories may be
reliable. Nevertheless these results are interesting and
suggest that PDW type phases may also arise in these
models.
Using weak coupling BCS-type methods we showed
that nematic spin triplet α and β phases give rise to a
complex phase diagram which includes pair-density-wave
phases and other spatially inhomogeneous superconduct-
ing states. Rather than considering a specific microscopic
model we used instead effective pairing interactions in
different channels (s, p and d wave), with effective cou-
pling constants for each, and investigated what supercon-
ducting states arose as instabilities of the α and β spin-
triplet nematic states. The theory is well controlled by
tuning to the nematic spin triplet to normal Fermi liquid
quantum phase transition. The distance to this quan-
tum critical point inside the nematic spin triplet states
plays the role of the small parameter which justifies the
use of weak coupling mean field theory (BCS) to describe
the resulting superconducting states. In this sense, the
nematic spin triplet quantum phase transition can be re-
garded as a complex multicritical point.
An important feature of the phase diagrams that we
present here is that the critical temperatures of all the
phases have comparable magnitude. This is the conse-
quence of having fine-tuned to the spin-triplet nematic
quantum critical point. A puzzling feature of the in-
tertwined orders seen in the experiments in the cuprate
superconductors is that the critical temperatures have
the same typical magnitude over a substantial range of
doping and for rather different materials. It is unreason-
able to think that all the cuprate superconductors have
conspired to be fine-tuned to a multicritical point as in
the calculation that we have done here. Rather this is
presumably a consequence of strong correlation physics
as in the recent work of Corboz, Rice and Troyer49.
Finally, in this paper we assumed that we were deep
enough in the spin-triplet nematic phase that its quan-
tum fluctuations can be neglected. This is clearly not the
case close enough to the quantum phase transition from
the Fermi liquid phase. In addition we also neglected the
possible role of Goldstone modes of the nematic triplet
state. These modes, which are gapped by lattice effects,
may drive the fermionic fluid into a non-Fermi liquid
regime in their absence and change the physics of the
superconducting state in an essential way. In particular,
in the absence of lattice effects, the Goldstone modes may
invalidate the use of BCS-type schemes which require the
existence of sharply defined quasiparticles.
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Appendix A: Coefficients in the Ginzburg Landau Free Energy
In the following we give a detailed derivation for the coefficients in the GL free energy (4.20) for the α-phase.
Similar analysis can be carried out for the β-phase. Following Radzihovsky85 (and references therein), we write
S = S0 + Sint + β
∑
Q
|∆Q|2
g
, where:
S0 =
∫ β
0
dτ
∑
k,σ
ψ¯k,σ(∂τ + ξk,σ)ψk,σ
Sint =−
∫ β
0
dτ
∑
Q
∑
k
[
γ(k)ψ¯k+Q/2,↑ψ¯−k+Q/2,↓∆Q + γ(k)∆
∗
Qψ−k+Q/2,↓ψk+Q/2,↑
] (A1)
The effective action is then given by:
e−Seff =
∫
DψDψ¯e−S = e−β
∑
Q
|∆Q|
2
g
∫
DψDψ¯e−S0e−Sint (A2)
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We can then expand in powers of Sint we obtain∫
DψDψ¯e−S0e−Sint =Z0 ×
[
1 +
1
2!
〈S2int〉0 +
1
4!
〈S4int〉0 + · · ·
]
=Z0 × exp
(
1
2!
〈S2int〉c0 +
1
4!
〈S4int〉c0 + . . .
)
(A3)
where we denoted by 〈A〉c0 the connected expectation value in the normal state and where we used the notation
Z0 ≡
∫
DψDψ¯e−S0 , 〈· · · 〉0 ≡ 1
Z0
∫
DψDψ¯e−S0(· · · ) (A4)
We also used the fact that the expectation value of odd powers of the interacting part of the action vanishes in the
normal state, 〈S2p+1int 〉0 = 0.
We will now focus in the quadratic and quartic terms for the FF, the unidirectional PDW, the bidirectional PDW,
the double-helix and the time-reversal breaking bidirectional PDW SC states:
1. FF state.
i) Quadratic term cFF2 .
For the quadratic term we need to compute
1
2!
〈S2int〉0, which can be represented by the Feynman diagram
shown in Fig. 7. This diagram corresponds to the superconducting susceptibility. Adding the term
|∆Q|
2
g
Q Q
ωn,k + Q/2, ↑
−ωn,−k + Q/2, ↓
FIG. 7. Superconducting susceptibility for the FF state.
to the effective action and using that
1
gN(EF )
= ln
(
2ωD
∆BCS
)
we can write cFF2 as:
cFF2
N(EF )
= −2 ln
(
1
4πT
)
+ 2Re
∫ 2π
0
dθ
2π
2 cos2(2θ)ψ
(
1
2
+ i
δ
2πT
cos(2θ)− iQ/2
2πT
cos(θ − φ)
)
(A5)
where T , Q and δ are in units of ∆BCS , and ψ(z) is the digamma function (for z ∈ C)
ψ(z) =
d
dz
ln Γ(z) (A6)
where
Γ(z) =
∫ ∞
0
dt tz−1 e−t (A7)
is the Euler Gamma function. Below we use the standard notation ψ(n)(z) for the derivatives of the
digamma function.
ii) Quartic term cFF4 .
For the quartic term we need to compute
1
4!
〈S4int〉c0 =
1
4!
(〈S4int〉0 − 3〈S2int〉20) (A8)
which can be represented by the diagram of Fig. 8. The algebraic expression for this diagram is given by:
cFF4
N(EF )
= − 1
8π2T 2
∫ 2π
0
dθ
2π
4 cos4(2θ)Re
[
ψ(2)
(
1
2
+ i
δ
2πT
cos 2θ − iQ/2
2πT
cos(θ − φ)
)]
(A9)
18
ωn,k + Q/2, ↑
ωn,k + Q/2, ↑
−ωn,−k + Q/2, ↓−ωn,−k + Q/2, ↓
Q Q
QQ
FIG. 8. Quartic effective interaction for the FF state.
2. Unidirectional PDW state.
i) Quadratic term cPDW2 .
For the quadratic term we need to compute
1
2!
〈S2int〉0, which can be represented by the diagrams of Fig. 9.
Each diagram produce the same contribution. Now remember than in the PDW state we have two plane
+(Q↔ −Q)
−ωn,−k + Q/2, ↓
ωn,k + Q/2, ↑
QQ
FIG. 9. Superconducting susceptibility for the LO state.
waves with wave vectors Q and −Q, so ∑q |∆q|2g = 2 |∆Q|2g where we used that |∆Q| = |∆−Q|, so we have
that
cPDW2
N(EF )
= 2
cFF2
N(EF )
(A10)
where again T , Q and δ are in units of ∆BCS
ii) Quartic term cPDW4 .
For the quadratic term we need the diagrams in Fig. 10. The algebraic expression for the diagram in Fig.
Q
Q
Q
Q
ωn,k + Q/2, ↑
ωn,k + Q/2, ↑
−ωn,−k + Q/2, ↓−ωn,−k + Q/2, ↓
(a)
−ωn,−k + Q, ↓
−ωn,−k−Q, ↓
ωn,k, ↑ωn,k, ↑
Q
Q
−Q
−Q
(b)
FIG. 10. Diagrams that contribute to the coefficient CPDW4 .
10a is given by Eq. (A9). We need only to compute the diagram in Fig. 10b. The expression for this
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diagram is given by:
I2 =N(EF )
∫ 2π
0
dθ
cos4 2θ
8π2TQ/2 cos(θ − φ)
{
Im
[
ψ(1)
(
1
2
− i δ
2πT
cos 2θ − iQ/2
2πT
cos(θ − φ)
)]
−Im
[
ψ(1)
(
1
2
− i δ
2πT
cos 2θ + i
Q/2
2πT
cos(θ − φ)
)]} (A11)
We can write then:
cPDW4
N(EF )
= 2
cFF4
N(EF )
+ 4I2 (A12)
where the factor of two in the first term comes from Q→ −Q in the diagram in Fig. 10(a) and the factor
of 4 in the second term is computed in a similar way.
3. Bidirectional PDW state
i) Quadratic term cBi2 .
+(Q→ −Q) + (Q→ Q¯) + (Q→ −Q¯)
Q Q
−ωn,−k + Q/2, ↓
ωn,k + Q/2, ↑
FIG. 11. Susceptibility for bidirectional superconducting order.
For the quadratic term we need to compute
1
2!
〈S2int〉0, which can be represented by the diagram of Fig. 11,
where Q¯ = Rπ/2Q is the wave vector Q rotated by π/2. Each term yields the same contribution.
Now remember that the bidirectional state have four plane waves with wave vectors Q, −Q, Q¯, −Q¯ so∑
q
|∆q|
2
g = 4
|∆Q|
2
g where we used that, in order to minimize the fee energy, |∆Q| = |∆−Q| = |∆Q¯| = |∆−Q¯|.
Therefore we find
cBi2
N(EF )
= 4
cFF2
N(EF )
(A13)
where T , Q and δ are in units of the BCS gap ∆BCS
ii) Quartic term cBi4 .
Q
Q
Q¯Q¯
ωn,k + Q¯, ↑
ωn,k + Q, ↑
−ωn,−k, ↓ −ωn,−k, ↓
(a)
−ωn,−k− (Q− Q¯)/2, ↓−ωn,−k + (Q− Q¯)/2, ↓
−ωn,−k + (Q− Q¯)/2, ↓
ωn,k− (Q + Q¯)/2, ↑
Q
−Q
Q¯
−Q¯
(b)
FIG. 12.
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For the quartic term we need several diagrams. First we have contributions from the diagrams in Fig.
10(a) and Fig. 10(b), to which we must add the contributions from the ordering wave vector along the
rotated direction, Q→ Q¯.
We also have the two new type of diagrams shown in Fig. 12(a) and Fig. 12(b), whose analytic expressions
are
c4B1
N(EF )
=
1
4πQT
∫ 2π
0
dθ
2π
4 cos4(2θ)
(cos(θ − φ)− sin(θ − φ))
{
Im
[
ψ(1)
(
1
2
− i δ
2πT
cos 2θ + i
Q/2
2πT
sin(θ − φ)
)]
−Im
[
ψ(1)
(
1
2
− i δ
2πT
cos 2θ + i
Q/2
2πT
cos(θ − φ)
)]}
c4B2
N(EF )
=
∫ 2π
0
dθ
2π
4 cos4(2θ)
Q2(sin2(θ − φ)− cos2(θ − φ))Re
{
ψ
(
1
2
+ i
δ
2πT
cos 2θ + i
Q/2
2πT
sin(θ − φ)
)
+ψ
(
1
2
+ i
δ
2πT
cos 2θ − iQ/2
2πT
sin(θ − φ)
)
−ψ
(
1
2
+ i
δ
2πT
cos 2θ + i
Q/2
2πT
cos(θ − φ)
)
−ψ
(
1
2
+ i
δ
2πT
cos 2θ − iQ/2
2πT
cos(θ − φ)
)}
(A14)
Let us mention that in the diagram shown in Fig. 12(a) we could take Q→ −Q, Q¯→ −Q¯, and Q→ −Q
and Q¯→ −Q¯. Each of these three extra diagrams will give exactly the same contribution that c4B1, hence
forth the factor of 4 in the term c4B1 in Eq. A15.
We can finally write:
cBi4
N(EF )
=
4
N(EF )
(cFF4 + 2I2 + 4c4B1 + 2c4B2) (A15)
4. double helix (2H) state.
i) Quadratic term c2H2 .
This is just given by:
c2H2
N(EF )
= 2
cFF2
N(EF )
(A16)
where as usual T , Q and δ are in units of ∆BCS
ii) Quartic term c2H4 .
For the quadratic term we have, in addition to the diagram in Fig. 8 and the same diagram taking Q→ Q¯,
the diagram shown in 12(a). We can write then:
c2H4
N(EF )
= 2
cFF4
N(EF )
+ 4c4B1 (A17)
5. Time-reversal breaking bidirectional PDW state. The only change between this state and the bidirectional PDW
state, is that the c4B2 term in c
Bi2
4 enters with a minus sign. So:
cBi22
N(EF )
= 4
cFF2
N(EF )
(A18)
cBi24
N(EF )
=
4
N(EF )
(cFF4 + 2I2 + 4c4B1 − 2c4B2) (A19)
Now that we have computed the coefficients for all the SC states we need to see which one has less energy. Using
21
that Fmin = − c
2
2
4c4
, we have that:
FFFmin =−
(cFF2 )
2
4cFF4
= − (c
FF
2 )
2
4
1
cFF4
(A20)
FPDWmin =−
(cPDW2 )
2
4cPDW4
= − (2c
FF
2 )
2
4(2cFF4 + 4I2)
= − (c
FF
2 )
2
4
2
(cFF4 + 2I2)
(A21)
FBimin =−
(cBi2 )
2
4cBi4
= − (4c
FF
2 )
2
4 · 4(cFF4 + 2I2 + 4c4B1 + 2c4B2)
= − (c
FF
2 )
2
4
4
(cFF4 + 2I2 + 4c4B1 + 2c4B2)
(A22)
F 2Hmin =−
(c2H2 )
2
4c2H4
= − (2c
FF
2 )
2
4(2cFF4 + 4c4B1)
= − (c
FF
2 )
2
4
2
(cFF4 + 2c4B1)
(A23)
FBi2min =−
(cBi22 )
2
4c—4
= − (4c
FF
2 )
2
4 · 4(cFF4 + 2I2 + 4c4B1 − 2c4B2)
= − (c
FF
2 )
2
4
4
(cFF4 + 2I2 + 4c4B1 − 2c4B2)
(A24)
In order to see which state has less energy we need to compute numerically
1
cFF4
,
2
(cFF4 + 2I2)
,
4
(cFF4 + 2I2 + 4c4B1 + 2c4B2)
.
2
(cFF4 + 2c4B1)
and
4
(cFF4 + 2I2 + 4c4B1 − 2c4B2)
and see which of these terms is larger.
As it was mentioned above, we found that the unidirectional and bidirectional PDW states have less energy than the
time-reversal breaking SC states (FF, 2H and Bi2). In addition, we found that for T & 0.2 the bidirectional PDW
state has less energy than the unidirectional PDW state.
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